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Abstract

Hallucination in large language models is widely treated as an engi-
neering defect, addressed through scaling, better data, or alignment tech-
niques. This paper argues that hallucination is not a defect but a struc-
tural consequence of applying function approximation to domains with
inconsistent target mappings. Drawing on the Universal Approximation
Theorem, we show that LLMs succeed where training data is consistent
(grammar, syntax) and fail where it is not (facts, open-domain conver-
sation). When a model is trained on contradictory sources, the optimal
solution under negative log-likelihood is an interpolation of conflicting dis-
tributions, not the ground truth. Conversational context compounds this
by expanding the input space with each turn, ensuring the model operates
perpetually in extrapolation regimes with no mechanism to detect this.
We further argue that the core failure is not extrapolation itself but the
model’s blindness to it, as no uncertainty signal is embedded in the train-
ing objective. Scaling and RLHF do not resolve this: they smooth the
extrapolation without changing the underlying geometry. A viable solu-
tion requires architectural changes that give models the ability to estimate
their distance from the training manifold at inference time.

1 Introduction

Hallucination in large language models is routinely described as a problem to
be solved. The proposed solutions follow a familiar pattern: more data, larger
models, better alignment, retrieval augmentation. Implicit in all of these is a
shared assumption: that hallucination is an engineering defect, correctable in
principle by sufficient effort in the right direction. This paper challenges that
assumption.

We argue that hallucination in conversational LLMs is not a defect. It
is a structural consequence of applying a static training objective to a non-
stationary, high-entropy, unbounded input process. It cannot be fixed by scaling.
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It cannot be fixed by better data. Any solution that does not address the
geometric and information-theoretic root cause will at best suppress symptoms
while leaving the underlying condition intact.

The central argument of the paper is as follows. Universal Approximation
Theorem (UAT), as explained in Cybenko (1989) states that any continuous
function can be approximated, to a desired degree of accuracy by a neural net-
work, given enough layers. LLMs are concrete embodiments of UAT, according
to Wang and Li (2024). For this reason, LLMs succeed in cases where the
target mapping is consistent, such as grammar. However LLMs fail sometimes
in domains where the target mapping is not consistent. The most common
example of this is factual truth, where different sources may contain different
information, causing hallucination.

2 Background

2.1 LLMs as Universal Function Approximators

A function in mathematics, assigns each element from a set X to exactly one
element in another set Y, where the set X is called the domain and the set Y is
called the codomain.

Sparse transformers are universal approximators of continuous, fixed length,
sequence-to-sequence functions on compact domains, provided they meet the
conditions of appropriate sparsity/connectivity, and a suitable attention prob-
ability map. The key caveat here is that this behaviour is only defined for
a fixed domain, as defined above. It has no bearing on the behavior out-
side this domain. The actual learning process of the model is approximating
P (next token | context), which is a mapping from the context to the probability
distribution. Since every context maps to a single probability distribution, this
is a function. Therefore hallucination is not a sign of something being broken,
the model is doing exactly what it was designed to do.

2.2 What LLMs actually optimize

LLMs use NLL(Negative Log Likelihood) in their training process. The objec-
tive of the NLL process is to maximize the likelihood of observing data, given
some parametric conditions. The specific objective in LLM training is to mini-
mize the negative log likelihood of P (next token | context), as discussed above.
The LLM is rewarded for producing statistically correct continuations.

However, in this training process there is no term to check factual correct-
ness, or distance from training distribution. Both a fluent true statement and a
fluent falsehood will receive a similar weight update from the gradient descent
if they are statistically similar to the training data.
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3 The Consistency Requirement

According to UAT, function approximation works well when the target mapping
is consistent and stable across the training distribution. Grammar and syntax
have a consistent one to one mapping, there are no contradictions about whether
sentences are grammatically correct or not. Syntactic well-formedness is also
rule based, as shown by Chomsky (1957). Hence, the transformer is learning a
system with consistent rules.

Structure and causality are similar. The training corpus does not contradict
itself about whether ’if X then Y’ is valid. Therefore the statistical distribution
of the grammatical continuations align closely with the grammar output that
the human wants. However, there is a distinction to draw here. It is not that
grammar is ’mathematical’ but rather, the training corpus is consistent about
grammar so the function that is approximated is well defined.

Let D = {D1, D2, . . . , Dn} be a corpus of n documents. For a given context
x1:t, let Pi(xt+1 | x1:t) denote the empirical continuation distribution induced
by document Di — that is, the distribution over tokens that follow x1:t in Di.

A context x1:t is consistent with respect to corpus D if the continuation
distributions across all documents that contain x1:t are in agreement. Formally,
for all i, j such that x1:t ∈ Di and x1:t ∈ Dj :

DKL(Pi(xt+1 | x1:t)∥Pj(xt+1 | x1:t)) ≈ 0

A domain is consistent if this condition holds for all contexts within it.
For grammatical context, x1:t, the set of valid continuations, G(x1:t), remains

stable throughout the corpus. If you sample two documents from Pdata, that
have a common grammatical context, they will draw their continuations from
the same distribution. The sources do not contradict each other.

We can express this as a low-variance condition. Let Pi(xt+1 | x1:t) be the
distribution over continuations in document i. The consistency condition is:

Var[Pi(xt+1 | x1:t)] ≈ 0
The variance is low in the case of grammar because all sources follow the

same rules. The model approximates a stable target and function approximation
works well because of this.

Now let’s examine factual content. For a question like, ”Is coffee good for
you?”, different sources in the corpus give different answers. As a result, the
variance is high:

Var[Pi(xt+1 | x1:t)] ≫ 0
When the model minimizes L(θ) over inconsistent data, the optimal solution

is the average of contradictory distributions, not the true answer. The model
learns something like:

P (xt+1 | x1:t) = Ei[Pi(xt+1 | x1:t)]
Finding the expected value of these contradictory sources is what produces

hallucination. The model correctly finds the optimal solution for the given
objective. But this is not the truth, this is a confident-sounding interpolation
of contradictory claims.
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Facts have grounding in the real world. Linguistically, there is no distinction
between facts and fiction. The same well formed question can have multiple
different answers, depending on the context of the situation. As a result, the
training corpus is inconsistent about facts, sources may contradict one another
and information may change over time. When a model receives contradictory
inputs from multiple sources, it does not try to resolve the contradiction, instead
it averages the inputs from the sources. This leads to true sounding outputs
with no grounding in reality.

Essentially, the ground truth mapping from question to correct answer is not
well defined. It is context dependent, time dependent and contradicts across
sources. The model approximates distribution of claims, not the truth.

4 Unbounded Context and Extrapolation Blind-
ness

4.1 How Conversation Amplifies the Problem

Most tasks performed by the LLM have bounded input distributions. Images
are constrained by the laws of physics, code is constrained by syntax, translation
is constrained by grammar. Conversational context has no such bound. It is
generated by the user, turn dependent, topic-shifting and is not constrained by
any physical or syntactic prior. With every additional character added to the
input, the input distribution changes. As a result, there is no stable P (x) to
approximate, Lee et al. (2025).

In sentence completion, more context narrows the output distribution. This
is not true for conversational context, as it does not converge to a low entropy
regime. At any context length, the conversation may diverge, and multiple
distinct responses may be valid at any context length. As a result, the model
is always extrapolating, with no way to check its distance from its training
distribution.

In bounded tasks, the input space, X, is fixed and the model converges to a
low-entropy region as the context increases. In conversation however, the input
space at a turn,t, is:

Xt = Xt−1 × V ∗

Where V ∗ is the space of all possible utterances. With each turn the con-
text space expands instead of narrowing. The manifold that has to be covered
by the model grows as t grows. Hence the probability mass is spread over a
larger space and entropy does not converge. This directly links to the extrap-
olation argument, Balestriero et al. (2021), as the dimension d∗ of the context
vector grows with each turn, which means the exponential data requirement for
interpolation gets worse as the conversation size increases.
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4.2 The Blindness Problem

The previous sections seem to suggest that the problem is extrapolation. While
extrapolation is an issue, it is the unawareness of extrapolation which is a criti-
cal issue. If the model was aware of its extrapolation, it would not be a problem.
The critical issue is that the model has no way of knowing if it is extrapolat-
ing. The objective of the NLL in the LLM training process is to minimize
P (next token | context). The weight update in the gradient does not contain a
term that tells the model the geometric position relative to the manifold.

A hallucination receives the same training signal as a true statement if they
are both statistically plausible in the training corpus. This could be solved by
having some sort of uncertainty quantification methods, in the training process.
However, most current uncertainty quantification methods are all external and
post-hoc, as shown by Shorinwa et al. (2025), making the above impossible. As
a result, the model produces fluent, confident text, agnostic of the distance from
its training distribution.

5 The Current Approach and Future Solutions

5.1 Why scaling does not fix this

The obvious objection to these concerns is that scaling will solve these issues.
With bigger models and more data, hallucination becomes increasingly less com-
mon. However, more data does not resolve inconsistencies in the training corpus.
In fact, it may make it worse, by introducing more contradictory sources. Larger
models simply mean the model scales, by having more parameters and layers.
It does not mean the geometry of the model changes. With larger models, the
extrapolation process is smoother, but the models are still extrapolating.

In high dimensional settings, interpolation almost surely does not happen, so
conversational outputs at inference time are effectively extrapolations, as shown
by Balestriero et al. (2021). For interpolation to hold, the dataset must grow
exponentially with embedding dimension. This requirement is not possible for
conversational LLMs. Another proposed solution is reinforcement learning with
human feedback (RLHF) Ouyang et al. (2022). While RLHF improves surface
level behavior and reduces hallucinations on some benchmarks, it still does not
incorporate any uncertainty measurement into the generation process. In many
cases, RLHF causes sycophantic behavior in models, driven by human preference
that prefers a yes-man to a truthful response (Sharma et al., 2025). Retrieval-
augment generation (RAG) tends to be more helpful, because it externalizes
the world knowledge, which is more inconsistent, to an actual lookup. However,
this is still an architectural workaround and does not address the underlying
shortcomings.
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5.2 What a Solution Would Require

Correctly diagnosing the problem is a prerequisite for finding any viable solution.
The primary requirement is that the model should have a mechanism to estimate
its distance from the training manifold at the time of inference. This would
help the model be aware of its extrapolation. This is not a problem that can be
solved by better prompt engineering, it would require complete architectural or
training changes.

Some possible directions this solution could take are:

• Training time uncertainty objectives that penalize confident sounding gen-
eration in extrapolation.

• Manifold distance measurement during inference-time

• Separating retrieving facts from generative continuation so that extrapo-
lation distance can be measured for individual claims.

Semantic entropy, Farquhar et al. (2024) is an existing approach, but it still
remains external to the model and serves as a diagnostic tool rather than as a
remedy. A viable solution will have to be internal.

6 Limitations

There are a few limitations of this paper that we must address. The first one is
that our framing of consistency is a simplification. We treat domains as either
consistent or inconsistent. In reality, consistency may be a spectrum. Some fac-
tual domains may be highly consistent, like arithmetic, and some grammatical
domains may be less consistent, like variations in dialects of the same language.

The second limitation is that the arguments in the paper are structural, not
quantitative. We do not measure the consistency across domains or entropy
of conversational context empirically and we do not quantify the extrapolation
distance for any model. Our arguments remain more theoretical.

The third limitation is about the limits of UAT grounding. The results
of UAT, Yun et al. (2020), apply to sparse transformers on compact domains.
Modern LLMs differ architecturally in a way that may not be covered by the
theorem (scale, dense attention, positional encoding). We assume that the UAT
framing generalizes, but this has not been proven formally yet.

7 Conclusion

Through this paper we have established that hallucination is a predictable conse-
quence of applying function approximation to a domain with inconsistent map-
ping. Grammar works because the training data is consistent about grammar.
Facts fail because the training data is not consistent about facts, and facts are
dependent on the ground truth in a way that our current training methods
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cannot solve. Conversation is the hardest case of this, as it adds inconsistent,
unbounded context on top of the inconsistency problem. To find a solution,
we must correctly frame it as a geometry and consistency problem rather than
something that can be solved solely by data and scaling. Framing hallucina-
tion as a geometry and consistency problem and not as a data quality problem
transforms our solution space. It converts an unbounded, empirical search for
more and better data into a well defined requirement for better architecture.
It allows us to build models which are self aware, in the context that they can
reason about their distance from their own training data.
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